In this note we describe a representation theoretic approach to functorial functor valued knot invariants with the focus on (categorified) Schur-Weyl dualities. Applications include categorified Reshetikhin-Turaev invariants, an extension of Khovanov homology and a diagrammatical description of the category of finite dimensional GL(m|n)-modules.
Introduction
The category C of finite dimensional modules over a complex semi-semisimple Lie algebra is a well-known semi-simple tensor category. A ground breaking generalization of this category appeared through the introduction of Quantum groups by Drinfeld and Jimbo ([Dr1] , [Ji] ), originally in the context of YangBaxter equations. In contrast to the category C, the tensor category of finite dimensional modules over the corresponding quantum group comes along with a very interesting non-trivial braiding. Although at least generically still semisimple, and therefore quite easy to handle, this braiding provides an important additional structure which was extensively used to construct knot invariants. The most basic one arising from the smallest quantum group U q (sl 2 ) is the Jones polynomial, or more general, the Reshetikhin-Turaev invariant [Jo1] , [RT] . The first one was introduced by Jones in the 1980's in the context of von Neumann algebras (see [Jo1] for a wonderful overview), and is a (Laurent)-polynomial invariant of knots and links. The second one uses the representation theory of the quantum group in a much more subtle way and generalizes to invariants of tangles and 3-manifolds.
One crucial observation is that these structures have an integral version. In the 1990's Crane and Frenkel started to propagate the idea of categorifying integral structures. In this way one should be able to lift the above mentioned invariants to functorial valued invariants which should be finer and carry even more structure than the original ones. Crane and Frenkel presented an astonishing proposal for a possible invariant of 4-manifolds obtained via a partition function on the triangulation of the 4-manifold and conjectured that such an invariant can be brought into existence via some 'Hopf-categorification', i.e. the promoting of a Hopf algebra to an appropriate category. Although such a Hopf categorification has not yet been established (nor worked out axiomatically) there were several fundamental steps done in the last few years. One of the first successful categorifications in this context was obtained by Khovanov [K1] who categorified the Jones polynomial via some combinatorially defined categories. This so-called Khovanov homology turned out to be very powerful. One of the main applications is Rasmussen's combinatorial proof [Ra1] of the Milnor conjecture determining the slice genus of a (p, q)-torus knot. It is also known that Khovanov homology detects the unknot.
The most fascinating feature of Khovanov homology seems to me to be its connections to many different fields; there is no way one could mention all the applications, connections and occurrences of this homology theory. One of the basic problems is the following Problem 1.
1. Construct a functorial Reshetikhin-Turaev tangle invariant extending Khovanov's categorification 2. Construct a categorification of Reshetikhin-Turaev's 3-manifold invariant A categorification of functorial Reshetikhin-Turaev tangle invariant was obtained by the author in 2003 ( [St3] ) which later was shown to agree with Khovanov's categorification of links and even tangles after restriction to a certain subcategory ([St4] , [BS3] ). The second part of the problem is much harder and so far open. The first step here should be a categorification of the tensor category Rep(U q (sl) 2 ) of finite dimensional representations of quantum sl 2 by defining a braided monoidal functor Ψ which assigns to an object V d1 ⊗ V d2 ⊗ · · · ⊗ V dr in Rep(U q (sl) 2 ) a graded category, to a morphism between two objects an exact functor between the corresponding categories, and also lift the monoidal structure and the braiding. Then Clebsch-Gordon coefficients should have an interpretation in terms of dimensions of vector spaces, Jones-Wenzl projectors should become quotient functors etc.
In this article we want to indicate a representation theoretic approach to this task, where the associated categories are certain highest weight categories of modules for various gl(n, C)'s. To avoid too many technicalities, we do not want to present the whole construction of the functor Ψ here, but only consider tensor products of the natural 2-dimensional representation V , where we have a very nice extra structure given by the so-called Schur-Weyl duality. We indicate how Khovanov homology arises from a categorification of Schur-Weyl duality, providing a natural explanation why this homology theory categorifies the Jones polynomial, and connecting it with highest weight Lie theory and categories of perverse sheaves. The main goal of this paper is to illustrate which important role is played by Schur-Weyl dualities in recent categorifications, constructions of link homologies and higher representation theory.
What are direct applications to representation theory? We obtain a combinatorial, elementary description of blocks of the parabolic category O for maximal parabolics in type A, as well as for blocks of finite dimensional representation for the Lie supergroup GL(m|n).
Outline of the paper: We start by recalling briefly the very classical setup of Schur-Weyl duality going back to the early 20th century, to work of Frobenius, Schur and Weyl. It connects the representation theory of the general linear group with that of the symmetric group. Based on this we explain the basic construction of the Reshetikhin-Turaev-Jones invariants for tangles using the quantum group U q (sl 2 ). Then the first theorem provides a categorification of the Schur-Weyl duality with resulting functor valued functorial knot invariants (which finally provides the above mentioned braided monoidal 2-functor Φ from the category of tangles to a certain category with objects certain derived categories). Theorem 2.5 provides the link between our categorification of the invariants using highest weight categories of representations of the general linear Lie algebra, Braden's description of the category of perverse sheaves on Grassmannians and the combinatorially defined Khovanov homology. The latter appears then naturally as a categorification of the space of U q (sl 2 )-invariant vectors inside our categorification.
We believe that our extra structure and information will be a key tool in the construction of 3-manifold invariants or for connecting the symplectic Khovanov homology with the original Khovanov theory. Some ideas are outlined below.
The second part of the paper relies on a Schur-Weyl duality for higher levels. This duality connects modules for gl n with modules over a cyclotomic version of Drinfeld's degenerate affine Hecke algebra (pioneered by Arakawa-Suzuki [AS] and ). There are two main results here: the first one is a new proof of Theorem 2.5 (bypassing geometry completely) and constructing an interesting 2-Kac-Moody representation in the sense of [Ro] in complete detail, the second one is an interesting grading and a new presentation of the above mentioned cyclotomic quotient of Drinfeld's algebra in case of level 2 arising naturally from the Koszul grading on the category O (which should also be true for general level). These algebras turned up recently as a special case in independent work of Khovanov-Lauda, Rouquier and Vasserot-Varagnolo who constructed algebraically (resp. geometrically) categorifications of the negative part of quantum groups. They have the potential to categorify Schur-Weyl dualities in general, and then provide a categorification of knot invariants from quantum groups of arbitrary semi-simple complex Lie algebras (see Section 2.4). These algebras also give a new insight into the representation theory of Hecke algebras.
The last part of the article is built on a super version of the higher SchurWeyl duality. There we consider the category F(m|n) of finite dimensional modules over the Lie supergroup GL(m|n). By results of Serganova [Ser] and Brundan [B1] , the character formulas for simple modules are known with a given -more or less satisfactory-algorithm. It was observed a long time ago that these character formulas can be presented using Kazhdan-Lusztig polynomials for maximal parabolic in type A (i.e. the Grassmannian case). We make this precise and relate F(m|n) with modules over a generalized Khovanov algebra. In this way we obtain as a byproduct very easy formulas for the characters in terms of diagrams. It turns out that the category F(m|n) is actually equivalent to a certain limit version of the category of perverse sheaves on Grassmannians. This result might in fact replace the missing geometry (in form of a localization theorem) in this context. 
Classical and Quantum Schur-Weyl Duality
For a fixed natural number k let V = C k be the natural vector representation of G = GL(k, C). The symmetric group S n acts on the tensor product V ⊗n by permuting the factors, obviously commuting with the G-action. The Schur-Weyl duality states that the subalgebras of End C (V ⊗n ) generated by the image of the two actions are precisely each others' commutants, in particular all G-endomorphisms can be expressed in terms of the symmetric group. The image of the G-action is the Schur algebra S(k, n). Then, if k ≥ n, tensoring with the above (G, S n )-bimodule V ⊗n defines an equivalence from the category of finite dimensional S(k, n)-modules (that means polynomial representations of G, homogeneous of degree n) to the category of finite dimensional S n -modules. Instead of G one might prefer to work with the semisimple Lie algebra sl(k, C) or, equivalently, its universal enveloping algebra U (k) = U (sl(k, C)). In the quantum Schur-Weyl duality ( [Ji] ) this picture gets then deformed: U (k) is replaced by the quantum group U q (k) a certain Hopf algebra deformation of U (k) which in an appropriate way specializes to U (k). It acts now on V = C(q) k , and the group algebra of S n gets replaced by a q-deformation, the (generic) Hecke algebra H(S n ) over C(q). A simple transposition s i does not act by an involution anymore. The action arises from an interesting braiding on the category Rep(U q (k)) of finite dimensional U q (k)-modules (the universal R-matrix). Again, the images of the two actions are each other commutants. All the statements so far have an integral version ( [Do] , [Lu] ). In the following we will tacitly use the Z[q, q
−1 ]-form of U q (k) and H(S n ), but stick to the old notation.
1.1. Invariants of tangles. In the basic case k = 2, the image TL n of the Hecke algebra action is called Temperley-Lieb algebra and easily explained in terms of the tensor structure of Rep(U q (k)). Fixing an isomorphism V ∼ = V * there are the (co)evaluation morphisms ∪ : C(q) → V ⊗V and ∩ : V ⊗V → C(q), and the image of the H(S n )-action is generated by the θ i := 1
One can identify a Z[q, q −1 ]-basis of TL n with isotopy classes of (n, n)-tangle diagrams with no crossings and no internal circles, such that the multiplication is given by concatenation of diagrams and replacing each circle by a scalar
. We might reformulate the duality as
where S q (2, d) denotes the quantized Schur algebra. The faithful TL n action identifies (n, n)-tangles without crossings and internal circles with basis vectors in the space of intertwiners of V ⊗n . More generally, each (n, n )-tangle diagram t without crossings defines a U q (2)-module homomorphism P 2 (t) from V ⊗d to V ⊗d providing a bijection between isotopy classes of tangles with no crossings and internal circles and a Z[q, q −1 ]-basis of intertwiners. In other words we get a fully faithful functor P 2 from the Temperley-Lieb category with objects natural numbers and morphisms isotopy classes of tangle diagrams without crossing and no internal circles, to the subcategory C of Rep(U q (2)) with objects the various V ⊗d and morphisms generated by the ∪ i 's, and ∩ i 's.
Skein relations and crossings.
The braid group action mentioned above associates to the crossings (displayed in (2)) of the i th and (i+1) th strand the Z[q, q −1 ]-linear maps qθ i −id and q −1 θ i −id respectively. In this way, P 2 extends to the Reshetikhin-Turaev invariant of tangles [RT] , with the skein relation
where k = 2. Any (0, 0)-tangle is hereby mapped to an endomorphism of Z[q, q −1 ], which is the multiplication by the Jones (Laurent)-polynomial ([Jo1]).
Categorification and Functorial Knot Invariants
A categorification of the classical Schur-Weyl-duality for k = 2 was suggested by Bernstein, Frenkel and Khovanov and completed in the quantum case in [St3] , [FKS] , see [MS2] for the general case. Involved here are certain (depending on k) categories of g = gl(n, C)-modules introduced in [BGG] and generalized
be the direct sum of (i, n − i)-parabolic subcategories of the principal block of the highest weight category O for g equipped with the Koszul grading from [BGS] . Let C(n) ! = n i=0 O i,n−i be the Koszul or quadratic dual category of C(n) given by certain singular blocks of O. The Koszul grading turns the Grothendieck groups K 0 (C(n)) and
is equivalent to the category of finite dimensional modules over some complex finite dimensional algebra A i,n−1 which can naturally be equipped with a Zgrading. It has n i isomorphism classes of simple modules, hence is suitable for categorifying a
Example 2.1. We have A 0,2 = A 2,0 = C, whereas A 1,1 is isomorphic to the
• with the relation 1 → 2 → 1 being zero, and the grading given by path length. The intertwiner θ i can be lifted to the functor Ae 2 A⊗ A− , where e 2 is the second primitive idempotent. Lifting the quantum group action involves passage to the derived category. On the other hand viewing Ae 2 as an (A, C)-bimodule defines (via tensoring) a functor which together with its adjoint can be used to lift the quantum group action. However to construct a commuting lift of θ i one has again to pass to the derived category. The involved derived functors can be defined by saying that the two constructions are connected by Koszul duality (note that A is isomorphic to its quadratic dual A ! in this special example).
The above example generalizes Lie theoretically to two categorifications of the quantum Schur-Weyl duality (1) 
versions of certain derived Zuckerman functors
Note that in the first example the Temperley-Lieb algebra action is categorified via exact functors, the quantum group action however only exists when passing to the derived category. It is vice versa in the Koszul dual situation. To explain this in more detail note that the tensor category of finite dimensional g-modules acts via exact endofunctors E → − ⊗E on O. By the famous classification theorem of [BG] , the endofunctors of the principal block of O obtained in this way form an additive tensor category with indecomposable objects indexed by elements of the symmetric group, categorifying the action of the regular representation of the symmetric group. By definition, these functors restrict to endofunctors on each parabolic O i,n−i . It is still a mystery how these so-called projective functors decompose and behave under restriction to general parabolic O's. A crucial result of [St3] proves that they behave well under restrictions to C(n) via F → ⊕F |O i,d−i . Graded versions (as defined in [St1] ) of these projective functors restrict to an additive category with split Grothendieck ring isomorphic to TL n acting on K 0 (D b (C(n))) as desired. Under Koszul duality the functors become derived graded Zuckerman functors ([R-H], [MOS] ). The quantum group action is given by a family of graded Zuckerman respectively projective functors naturally commuting with the TL n -action. Koszul duality interchanges in some sense the two sides of the Schur-Weyl duality.
The main result of [St3] with [St4] is then the following:
Theorem 2.2.
1. The categorification of TL n via graded projective functors extends to a functorial tangle and knot invariant which assigns to each
2. This extends further to an invariant of cobordisms, well-defined up to scalars; each cobordism is sent to a natural transformation homogeneous of degree equal to the negative of the Euler characteristic of the cobordism.
By introducing certain markings ("disorientation lines") on cobordisms, (see [CMW] ), the above construction finally defines a 2-functor from the 2-category with objects the natural numbers, morphisms tangle diagrams, and 2-morphisms cobordisms with disorientation lines into a category where objects are the categories D b (C(n)), morphisms are (certain) triangulated functors and 2-morphisms are (certain) natural transformations.
The U q (2)-weight space decomposition corresponds to a decomposition into indecomposable abelian categories; the isotypic component decomposition only corresponds to a filtration of the categories (in the singular case by the GelfandKirillov dimension, in the parabolic case by the annihilator, see [MS2] ). The unique irreducible (n + 1)-dimensional U q (2)-summand V n corresponds to a category C n equivalent to
where Gr(i, d) denotes the Grassmannian of i-planes in C d . The U q (2)-action is given by correspondences, see [FKS] , passing between the direct summands.
An alternative categorification of V ⊗n was constructed in [CK1] using derived categories of (equivariant) coherent sheaves on a compactification of a resolution of the Slodowy slice to an adjoint orbit. The action of the category of tangles is provided by certain explicit Fourier-Mukai transforms. There, the weight spaces do not correspond to direct summands. Conjecturally, the abelian categories arising from Lie theory are equivalent to subcategories of certain exotic t-structures (in the sense of [Be] ), see [SW] for a more precise conjecture.
The above construction generalizes to arbitrary k. To get a functorial invariant satisfying (2) ones needs apart from Schur-Weyl duality a categorification of the tensor products of fundamental representations ∧ k V of gl n . Intertwiners correspond to colored trivalent graphs satisfying the Murakami-OhtsukiYamada relations. Such a categorification was established using O in [Su] and [MS3] , and using coherent sheaves in [CK2] . These invariants suffer from the problem that, as given, they are quite hard to compute, but on the positive side provide natural situations for interesting braid group actions and carry many aspects of the integral representation theory of the original quantum group.
A different approach to functor valued knot invariants using (homotopy) categories of matrix factorizations was already developed in [KR1] , [KR2] . We refer to [MS3] for an indication of a possible connection to the theories above.
2.1. Arbitrary tensor products. Built on (3), a powerful axiomatic theory of abelian categorifications of irreducible sl 2 -modules was invented by Chuang and Rouquier [CR] and substantially further developed in [Ro] in form of 2-Kac-Moody representations. The higher structure rigidifies enough to obtain a unique categorification for each irreducible module. As advocated in [CF] such a 2-representation theory should provide a machinery that produces new categories out of some given categories, in particular interesting tensor categories. One of the challenging problems here is the following:
Problem 2. Develop a 2-representation theory for tensor categories arising from quantum groups or more general Kac-Moody algebras.
The answer should in particular include the existing abelian categorifications of arbitrary tensor products in Rep(U q (n)) from [FKS] , where V d1 ⊗ · · · ⊗ V dr is categorified using Harish-Chandra bimodules with central character corresponding to (d 1 , d 2 , . . . , d r ), a quotient category of the above categorification of
This construction allows categorifications of the Jones-Wenzl projectors, the colored Reshetikhin-Turaev tangle invariant and 3j-symbols, extending the original work of Khovanov [K2] in a new direction.
Conjecture 2.3. There are renormalized 6j-symbols which can be categorified using Harish-Chandra bimodules.
In this way we hope to provide a first step in direction categorifying 3-manifold invariants. Details of this current work will appear in [FSS] .
2.2. Braid group action and Serre functor. The Hecke algebra action on K 0 (C(n)) arises from a braid group action on D b (C(n)) which is known to be faithful on each summand ( [KS] ). These braid group actions have a long history in the representation theory of complex semisimple Lie algebras, known as Enright-Joseph's completion, Irving's shuffling, Arkhipov's twisting functors etc. and were originally introduced to study the so-called KazhdanLusztig conjecture [KL] , now a theorem, describing multiplicity formulas of simple composition factors of Verma modules. It is a well-supported principle that for any suitable braid group action on a category, the Serre functor will be given by the functor C The quasi-hereditaryness of O i,n−i implies that the categories are quite far away from being Calabi-Yau categories. However let P i,n−i be a minimal projective generator of O i,n−i with endomorphism ring A i,n−i and consider the unique direct summand fixed under the Serre functor. Its endomorphism ring E i,n−i is then a symmetric algebra, see [MS1] for a more general statement. It is this algebra E i,n−i , naturally arising from the Serre functor, which gives a precise connection to Khovanov homology as we explain now.
Khovanov homology.
A combinatorially defined functorial knot invariant categorifying the Jones polynomial was constructed by Khovanov in [K1] with an extension to even tangles in [K3] . The resulting doubly graded homological invariant is called Khovanov homology. The following result describes the connection between our tangle invariant and Khovanov's: Theorem 2.5. Khovanov's arc algebra H n is isomorphic as a graded algebra to the algebra E n,n . Under this isomorphism, the combinatorially defined functor valued invariants are then obtained from the representation theoretically defined functor valued invariants by restriction.
The isomorphism was first proved in [St4] using the fact that O i,n−i is, via localization theorem and Riemann-Hilbert correspondence, equivalent to the category of perverse sheaves, constructible with respect to the Schubert stratification, on Gr(i, n), identifying Braden's explicit description of A i,n−i ( [Bra] ) with a combinatorially defined generalized Khovanov algebra. A second quite recent proof (bypassing geometry completely) with the explicit identification of the functor valued invariants was obtained in [BS3] and will be explained in more detail below. As predicted (see [K4] ), the two tangle invariants have the same information, since the category O n,n can be reconstructed from H n via some double centralizer property, meaning that there is a functor from A i,n−i − mod to E i,n−i − mod fully faithful on projectives (see [St2] for a general statement). This property generalizes Soergel's structure theorem [So1] describing singular blocks of O by modules over the cohomology ring H * (G/P ) of the associated partial flag variety, with the commutative Frobenius algebra H * (G/P ) replaced by a (non-commutative) symmetric algebra.
Remark 2.6. Theorem 2.5 gives a tool to prove a refinement of Theorem 2.2: The Temperley-Lieb category comes equipped with a natural tensor structure given by composing horizontally: the tensor product on objects is just the sum, on morphisms it is given by putting the tangle diagrams next to each other. Then Theorem 2.2 extends to a (weak) tensor functor. Using also braid diagrams and their categorifications, it extends to a functor of braided tensor categories.
A construction of a singly graded knot homology theory in terms of Lagrangian intersection Floer homology of certain Stein varieties (more precisely the generic fibre of the adjoint quotient map for sl(2n, C) restricted to a transversal slice of the nilpotent orbit of a nilpotent matrix of Jordan type (n, n)) was worked out by Seidel and Smith in [SS] , see [Ma] for a conjectural realization in terms of Hilbert schemes. A categorified Schur-Weyl duality in this context is not yet available, and the precise relationship to Khovanov homology is still unclear. Conjecturally, enlarging the Lagrangian Floer homology by adding additional non-compact Lagrangians should provide the ring A n,n , in analogy to Remark 3.1. Then to set up a fully faithful functor connecting the two theories and proving formality, passing from Khovanov's algebra to the Koszul algebra A n,n might be helpful, since the Hochschild cohomology is finite dimensional, and it might be possible to control higher A ∞ -structures. In the case of the simplest algebra A 1,n−1 in our family of algebras, this is worked out explicitly in [Sei] (the case of the Milnor fibres of simple singularities of type A n ). Let A = A i,n−i be one of our Koszul algebras from above. Let K
• be the Koszul resolution of the semi-simple degree zero part A 0 with the grading shifted such that the differentials are homogeneous of degree 1. Then the Hochschild cohomology H * (A) = s,t H s (A) t is naturally bigraded such that H s (A) t is a subquotient of the space of degree t homogeneous maps inside Hom A−A (K s ⊗ A 0 A, A). The space H 2 (A) = s H s (A) 2−s controls A ∞ -deformations. Based on explicit calculations we strongly believe the following
Here, Z(A) = Z(A i,n−i ) denotes the center of A i,n−i . This is known to be canonically isomorphic to the cohomology ring of the corresponding (i, n − i)-Springer fibre (see the special case [St4, Theorem 4.5 .2] of the general theorem from [B2] , [St4] ). Hence Z(A) 2 is (n − 1)-dimensional.
Knot invariants for other types.
Recently, B. Webster [W] announced an amazing generalization of the above categorifications for arbitrary finite dimensional complex semi-simple Lie algebras based on KhovanovLauda's graphical calculus from [KLa] . 
Higher Schur-Weyl
Let M be an arbitrary gl n -module, then by [AS] the S d -action on V ⊗d can be extended to an H d -action on M ⊗ V ⊗d such that x 1 acts by multiplication with the Casimir element on the first two factors M ⊗ V . This defines commuting actions
hence a functor from the category O for gl n to modules over H d . Of course, the image of either of the two actions depends on the choice of M . With an appropriate choice this defines a higher Schur-Weyl duality, see [BK1] . We now want to indicate two applications, first the proof of Theorem 2.5 and secondly a description of the category of finite dimensional GL(i|j)-modules for arbitrary i, j. The way how Schur-Weyl duality enters here is different from the way it entered Theorem 2.2: here the Hecke algebra action will arise as 2-morphisms in a categorification, whereas there it was given by functors. We present the main idea of the proof (following [BS3] ) here, since we believe that this approach provides a quite general machinery to prove equivalences of categories without having a candidate of a functor available. To set up a connection between at the first sight totally unrelated categories, we first explain how they categorify certain U q (gl ∞ )-modules.
3.1.
Step 1: categorifications of certain gl ∞ -modules.
3.1.1. The Lie theory side. Fix non-negative integers i, j = n − i and consider O(i, j), the sum of all integral blocks of the (i, j)-parabolic category O for gl n = gl i+j , equipped with the Koszul grading. Under the usual identification of integral weights of gl i+j with Z i+j , the simple objects in O(i, j) are (up to grading shifts) precisely the irreducible modules L(λ) of highest weight λ ∈ Λ(i, j), where Λ(i, j) ⊂ Z i+j (after the usual shift with ρ = (0, −1, −2, . . . , −(n − 1))) consists of tuples which are strictly decreasing in the first i entries as well as in the last j entries. Let W = ⊕ s∈Z Cv s denote the natural U (gl ∞ )-module (of infinite column vectors) and let W be its (integral) quantum version, then we have an isomorphism of Z[q, q −1 ]-modules
• If we choose Φ to send isomorphism classes of standard graded lifts of parabolic Verma modules to the standard basis, then simple modules are mapped to Lusztig's dual canonical basis, whereas the canonical basis corresponds to tilting modules (i.e. indecomposable projective modules twisted by the square root of the Serre functor). There are explicit formulas for the transformation matrices, based on [LS] , [FK] , easily expressible in terms of diagrams which motivated our construction of generalized Khovanov algebras (see below).
• Graded versions of projective functors categorify the U q (gl ∞ )-action: there are functors E s , F s : O(i, j) → O(i, j), s ∈ Z lifting the action of the Chevalley generators e s , f s . The functor F = ⊕ s∈Z F s is a suitably chosen graded version of tensoring with the natural gl n -module V . (One might ask what categorifying means in this context. For our purposes it is enough to require that the linear maps on K 0 induced by the functors E s , F s satisfy the Chevalley relations, in reality however we construct much more, namely a 2-Kac Moody representation in the sense of [Ro] , see [BS3, Remark 5.7] ).
The diagrammatical side.
To each block Γ of O(i, j) , we associate now a finite dimensional graded algebra K Γ defined diagrammatically (generalizing Khovanov's arc algebra from [K1] ). Each basis vector in i W ⊗ j W gets identified with a combinatorial weight in the sense of [BS3] , i.e. with the diagram consisting of a number line whose vertices are indexed by Z and where the sth vertex is labeled ∨, ∧, ×, • depending on whether v s occurs in the first, second, both or no tensor factor. Under this identification the isomorphism class of the parabolic Verma module of highest weight 0 for instance corresponds to
where the ∧'s and ∨'s are on the vertices indexed 1 − n, . . . , −1, 0. Two basis vectors correspond to the same block if they only differ by a permutation of ∧' and ∨'s not touching the other labels. (In the above example there are n i basis vectors corresponding to the block Γ.) The algebra K Γ has a vector space basis
given by triples (a, λ, b) of a cup diagram (involving cups and vertical rays), a combinatorial weight λ, and a cap diagram (involving caps and vertical rays) with some compatibility conditions. Its multiplication is defined by an explicit combinatorial procedure in terms of such diagrams (see [St4] for an alternative construction using a generalized 2-dimensional TQFT). For instance the principal block of O(1, 1) would correspond to an algebra with basis
This basis is homogeneous with grading given just by the number of clockwise cups and clockwise caps, in this case 0, 1, 1, 0, 2. The algebra structure is built such that it becomes isomorphic to the algebra A 1,1 from Example 2.1.
Remark 3.1. The diagrams for O i,n−i from Section 2 have a natural interpretation in the theory of Springer fibres associated with 2-block nilpotent matrices of Jordan type (i, n − i), indicating a direct connection to [CK2] , [SS] . Weights naturally correspond to fixed points under a C * -action, the occurring cup diagrams correspond to the closures of fixed point attracting sets, the arcs indicate the type of flags they contain. Then our basis should be seen as labeling
fixed points in the closure of pairwise intersections of two attracting sets. The graded vector space underlying our algebra is isomorphic to
with the algebra structure given by a certain convolution product, see [SW] . We also want to mention that putting 1 ∧ and n − 1 ∨'s on arbitrary n + 1 fixed vertices produces an algebra studied by Khovanov and Seidel [KS] , [Sei] .
Let K Γ −gmod be the category of finite dimensional graded K Γ -modules. Taking their direct sum over all blocks Γ of O(i, j) defines a category with the same properties as in Section 3.1.1. The action of the Chevalley generators is given by explicitly (graphically) defined bimodules. We also want to stress that the transformation matrix between the canonical and dual canonical basis already determines the dimension of the algebra. The construction in terms of triples (a, λ, b) should indicate the BGG-reciprocity formula passing between three bases of K 0 . One can show, [BS2] , (purely combinatorially) Theorem 3.2. The algebra K Λ is a graded Koszul quasi-hereditary algebra.
3.2.
Step 2: Higher structure: cyclotomic Hecke algebras.
3.2.1. Semisimple categories. For simplicity assume i ≥ n − i = j. Each simple module L(λ) in O with highest weight of the form
is a unique simple in its block, the same holds for its counter-part L(λ) diag on the diagrammatical side. (Note that the only cup/cap diagram which could be put underneath or above to be oriented is the one containing rays only.) The corresponding blocks Λ are semi-simple, in particular equivalent. Under the isomorphism Φ these blocks correspond to highest weight vectors of
3.2.2. Creating interesting categories from semisimple ones. The principal idea is now to construct two 2-categories, from O(i, j) and from the diagram side: objects are projective objects in the original category, morphisms are compositions of the functors categorifying the U q (gl ∞ ) generators, their finite direct sums and finite summands, and 2-morphisms are natural transformations. Applying 1-morphisms to the semi-simple categories from the last section, one can create enough self-dual projective objects in either of the two categories. Finally one shows that higher Schur-Weyl duality provides enough natural transformations to control the endomorphism ring of a self-dual projective generator on either side and invokes a double centralizer property (see Section 2) to deduce an equivalence.
Let L(λ) be as in the preceding section. Applying the higher Schur-Weyl
gives the first part of the following theorem, the others are more involved (see [BS3] for details) Theorem 3.3.
1. The H d -action on T factors through the cyclotomic quotient
of algebras which induces under evaluation a natural surjection onto the endomorphism algebra of T diag .
3. Via the above morphisms, the endomorphism rings of the projections of T resp. T diag to a fixed block Γ, are both isomorphic to e α H d (i, j)e α for some appropriately chosen idempotent e α ∈ H d (i, j) depending on Γ. The composition of isomorphisms identifies the grading induced by the Koszul grading on O(i, j) with the diagrammatical grading.
Using the combinatorics from step 1 and a double centralizer construction one can then deduce Theorem 2.5. An interesting direct consequence is the following 
A Graded Presentation of Cyclotomic Blocks
Corollary 3.4 predicts a quite unusual presentation of the level 2-quotients of Drinfeld's degenerate affine Hecke algebra compatible with the grading. Using the diagrammatically defined algebra this can be made completely explicit as follows: Under (5), a block is contained in a single weight space whose weight differs from the weight Λ obtained from λ by subtraction of a positive root
Then there is a presentation of R Λ α where generators are
with relations
e(i) = 0; e(i)e(j) = δ i,j e(i); i∈I α e(i) = 1; y r e(i) = e(i)y r ; ψ r e(i) = e(s r ·i)ψ r ; y r y s = y s y r ; ψ r y s = y s ψ r if s = r, r + 1; ψ r ψ s = ψ s ψ r if |r − s| > 1;
otherwise;
By inspecting the relations it follows that there is a Z-grading on R Λ α defined by declaring the e's to be of degree 0, the y's is of degree 2, and ψ r e(i) of degree −2, 1 or 0 according to whether i r = i r+1 , |i r − i r+1 | = 1 or |i r − i r+1 | > 1. This is precisely the grading inherited from O. This statement should be true in general, not only for maximal parabolic blocks of category O.
4.1. Khovanov-Lauda-Rouquier-Varagnolo-Vasserot algebras. The above algebra turns out to be isomorphic to a level two cyclotomic quotient of an algebra associated with the Dynkin quiver of type A ∞ , denoted R(α; Λ) in [KLa] , and arising in a family of algebras constructed (independently) algebraically by Khovanov-Lauda and Rouquier, and geometrically by Vasserot-Varagnolo ([KLa] , [Ro] , [VV] ). These algebras were introduced to categorify the negative part of quantum groups. Our approach gives a conceptual interpretation of the somehow (at least in the algebraic definition) artificial looking grading on R Λ α . Although the algebras R Λ α are not quasi-hereditary, they have the nice structure of a graded cellular algebra in the sense of [GL] . Our methods yield a special graded cellular basis for R Λ α parameterized by some diagrams which are in bijection with certain Young tableaux, see [BKW] where the existence of such bases is predicted. In particular we deduce from this a graded dimension formula for the irreducible R Λ α -modules (in level two for finite type A). The construction of a graded cellular basis was generalized to higher levels in [HM] .
GL(m|n)-modules Via Super Higher Schur-Weyl
The principal idea of the proof of Theorem 2.5 indicated above can also be applied (in a super version) to the category of finite dimensional integrable modules for the Lie superalgebra gl(m|n), i.e. blocks for the Lie supergroup GL(m|n), see [BS4] for details. Here m, n are arbitrary positive integers (playing not the same role as in the previous sections). The main result here is Theorem 5.1. Let C be a fixed algebraically closed field of characteristic 0.
1. Any block of GL(m|n) of atypicality r is Morita equivalent to H ∞ r , a certain algebra (usually infinite dimensional) arising as a limit of generalized Khovanov algebras (built from combinatorial weights with r ∨'s and infinitely many ∧'s).
2. These algebras are symmetric, quasi-hereditary and Koszul.
Note that Koszulity is proved by completely elementary means using the diagram algebras (see Theorem 3.2). In the case of the super group we cannot invoke geometry, since so far no satisfying localization theorem is available. The theorem suggest that the missing geometry might not necessarily be found in the world of super flag varieties, but rather as a limit version of the categories of perverse sheaves on ordinary Grassmannians. (The diagrammatic approach gives as a byproduct a complete elementary proof of the Koszulity for O(i, j) without passing to perverse sheaves).
The category of finite dimensional GL(m|n)-modules.
To explain more details fix again m, n ≥ 0 and let G denote the algebraic supergroup GL(m|n) over C, that is the functor from the category of commutative superalgebras over C to the category of groups, mapping a commutative superalgebra A = A0 ⊕ A1 to the group G(A) of all invertible (m + n) × (m + n) matrices of the form
where a (resp. d) is an m × m (resp. n × n) matrix with entries in A0, and b (resp. c) is an m × n (resp. n × m) matrix with entries in A1.
We are interested here in finite dimensional representations of G equivalently in integrable supermodules over its Lie superalgebra gl(m|n, C). Allowing only even G-morphisms between G-modules turns it into an abelian category which decomposes into blocks. We pick one from each equivalence class under parity change and denote the resulting category F(m|n). The simple objects are then in bijection with dominant weights X + (T ) for the standard torus T and Borel B.
By [B1] , the category F(m|n) is a highest weight category. In analogy to (3.1.1) we obtain an isomorphism (only of Z-modules, since there is no grading available)
As in case of category O we have simple, indecomposable tilting, and standard or Verma modules (usually called Kac modules after [Ka] ) giving rise to three distinguished bases.
5.2. The diagrammatics. Now we turn again our attention to the diagram algebra side and identify X + (T ) with the set Λ super = Λ(m|n) of all diagrammatical weights with a total of m vertices labeled × or ∨, a total of n vertices labeled • or ∨, and all of the (infinitely many) remaining vertices are labeled ∧. The ("super version" of the) identification rule is now different from before: the i-th vertex is labelled ×, •, ∨, ∧ depending on whether v i occurs in the first tensor factor, in the second, in both, or in none. For example, assuming m ≥ n, the zero weight parameterizing the trivial G-module is now identified with the diagram
where the leftmost ∨ is on vertex (1 − m). Blocks usually have now infinitely many simple objects. The usual notion of atypicality in the representation theory of GL(m|n) as in e.g. [Ser] is here just the number of ∨'s. Atypicality zero means the category is semi-simple. In terms of the corresponding diagrammatical algebra it is half the top degree. The construction of the diagram algebras works fine in this more general context, but produces infinite dimensional nonunital algebras. Theorem 3.2 is still valid. (For a general treatment of infinite dimensional Koszul algebras see [MOS] ).
5.3. The equivalence. Let K(m|n) denote the direct sum of the module categories for the diagram algebras K Γ , Γ ⊂ Λ super .
Theorem 5.2. There is an equivalence of highest weight categories E : F(m|n) → K(m|n).
Consequences.
• In the diagrammatic setting the following non-trivial result of Serganova from [Ser] becomes obvious: the blocks of GL(m|n) for all m, n depend up to equivalence only on the degree of atypicality of the block (not on m, n).
• Blocks of GL(m|n) are Koszul, in particular can be equipped with a grading.
• When combined with the results from [BS3] , our results can be used to prove the Super Duality Conjecture as formulated in [CWZ] . A direct algebraic proof of this conjecture, and its substantial generalization from [CW] , has recently been found by Cheng and Lam [CL] .
All of these results suggest some more direct geometric connection between the representation theory of GL(m|n) and the category of perverse sheaves on Grassmannians may exist. The above result gives a very concrete and explicit description of the category F(m|n), but unfortunately not well adapted to the tensor product structure on this category. It is a challenge to find a categorification of the Schur-Weyl duality for tensor products of the natural representation for U q (gl(1|1)) with a result similar to Theorem 2.5. In this way one should be able to solve the following Problem 3. Find an algebro-representation theoretic categorification of the Alexander polynomial P 0 from a categorification of the representation theory of gl(1|1).
Note that the Alexander polynomial P 0 is the Euler characteristic of a bigraded knot homology theory, discovered by Ozsvath-Szabo [OS] and Rasmussen [Ra1] . A categorification of a (super or not super) higher Schur-Weyl duality analogous to Theorem 2.5 is (so far) not available.
